We study experimentally and computationally the dynamics of granular flow during impacts, where intruders strike a collection of disks from above. In the regime where granular force dynamics are much more rapid than the intruder motion, we find that the particle flow near the intruder is proportional to the instantaneous intruder speed; it is essentially constant when normalized by that speed. The granular flow is nearly divergence-free and remains in balance with the intruder, despite the latter's rapid deceleration. Simulations indicate that this observation is insensitive to grain properties, which can be explained by the separation of time scales between intergrain force dynamics and intruder dynamics. Assuming there is a comparable separation of time scales, we expect that our results are applicable to a broad class of dynamic or transient granular flows. Our results suggest that descriptions of static-in-time granular flows might be extended or modified to describe these dynamic flows. Additionally, we find that accurate grain-grain interactions are not necessary to correctly capture the granular flow in this regime. What is the nature of force transmission and particle flow during dynamic intrusion into granular material? This question is fundamental to a general understanding of dense granular flow, and a complete description would have many applications, such as biological or robotic locomotion over sand [1, 2] or impact into the surface of extraterrestrial bodies [3] . Moreover, the flow of grains during intrusion is part of a broad class of dense granular flows that are both rapid (i.e., large inertial number [4]) and highly transient in time. The highly transient driving seemingly prohibits use of existing descriptions of dense granular flows [4] [5] [6] , which are formulated for well developed cases (i.e., static-in-time after transients have settled, or quasi-static). Additionally, the large speeds and accelerations involved in this process raise important questions on how these flows should be considered computationally, either with a discrete element method (DEM) [7] [8] [9] or from a continuum perspective [10] .
What is the nature of force transmission and particle flow during dynamic intrusion into granular material? This question is fundamental to a general understanding of dense granular flow, and a complete description would have many applications, such as biological or robotic locomotion over sand [1, 2] or impact into the surface of extraterrestrial bodies [3] . Moreover, the flow of grains during intrusion is part of a broad class of dense granular flows that are both rapid (i.e., large inertial number [4] ) and highly transient in time. The highly transient driving seemingly prohibits use of existing descriptions of dense granular flows [4] [5] [6] , which are formulated for well developed cases (i.e., static-in-time after transients have settled, or quasi-static). Additionally, the large speeds and accelerations involved in this process raise important questions on how these flows should be considered computationally, either with a discrete element method (DEM) [7] [8] [9] or from a continuum perspective [10] .
In this Rapid Communication, we present experimental and computational results on the flow of a 2D granular material around circular intruders that are incident on a free granular bed at speeds v 0 ≤ 6 m/s. The main result from both experiments and simulations is that the flow of the granular material remains in a dynamic steady-state with the intruder for essentially the entire trajectory, despite the highly transient nature of this process. By dynamic steady-state, we mean that as the intruder moves through the granular material, the flow field near the intruder scales linearly with the instantaneous intruder speed, even as the intruder decelerates rapidly. Since the force propagation speeds v f ∼ 300 ≫ v 0 m/s [11] are much faster than the intruder motion, forces can propagate and relax fast enough that the motion of grains near the intruder is essentially incompressible and remains in this dynamic steady state. We expect our results to be applicable to a wide array of rapid, highly transient dense granular flows, assuming v f ≫ v 0 (where v 0 sets a generic driving rate). Existing descriptions of well developed granular flows [4] [5] [6] may be extended or modified [10] to capture these transient flows. Additionally, while force propagation depends crucially on the intergrain force law [11] , the agreement between flow field measurements in simulations and experiments is largely independent of the grain properties used in the simulations, suggesting that accurate grain-grain interactions are not necessary to model highly dynamic flows, pro-
The experiments are carried out using the protocol described in [11] [12] [13] [14] . Here, bronze intruders that are disks or have circular leading edges are normally incident from above on photoelastic disks. We measure the granular flow fields using particle image velocimetry (PIV) [15] , which analyzes successive pairs of frames from high-speed movies (sampled at 2333 Hz) to estimate the local flow field. This returns estimates of the local displacement on a grid, as shown in Fig. 1(a) . The photoelastic disks are cut from PSM-1, manufactured by Vishay Precision Group. Here, v f ≫ v 0 [11] , and we note that the grainscale force picture and the subsequent intruder dynamics change drastically when v f ∼ v 0 [9, 11] . However, when v f ≫ v 0 , the intruder deceleration is dominated by large fluctuations in space and time in the form of quasirandom collisions with networks of particles that occur beneath the intruder [12, 14] . Thus, our primary focus in this study is on the region directly beneath the intruder. The material responds quickly to the advancing intruder, and the fast force dynamics average over longer times to yield the rate-independent and Bagnold-like [16] velocitysquared drag forces that are common in both impact studies [12] [13] [14] [17] [18] [19] [20] [21] (i.e., transient driving) and steady drag experiments [22] [23] [24] [25] [26] [27] [28] (i.e., well-developed flows). We note that our results help explain similarities between these two processes.
To explore the influence of the interaction force between the granular particles, we carried out simulations using both linear and nonlinear (Hertzian) force models that included friction as well as simulations with a linear force model and no interparticle friction. Simulations, described briefly below, are similar to those discussed in [9] but with a nonlinear force interaction model as well as parameters that are matched to the experiments. We consider a rectangular domain in two dimensions with gravity. The domain size, as well as particle numbers and sizes are as in the experiments. The particle-particle, particle-intruder, and particle-wall interactions are modeled using the soft-sphere approach that includes friction and particle rotations. We then solve the following (nondimensional) equations of motion for each particle (including the intruder):
For the linear force model, the normal force is given by
where r i,j = |r i,j |, r i,j = r i − r j , and the normal direction is defined by n = r i,j /r i,j . The compression is defined by x = d ave − r i,j , where The nondimensional force constant k n is related to the dimensional one, k, by k = k n mg/d, where m is the average particle mass, d is the average particle diameter, and g is Earth's gravity. All quantities are expressed using d as the length scale, the binary collision time, τ c = π d/2gk n , as the time scale, and m as the mass scale. Then,m is the reduced mass, and γ n is the damping coefficient related to the coefficient of restitution, e n , by γ n = −2 ln e n /τ c , see, e.g., [29] . We take e n = 0.5 constant and ignore its possible velocity dependence [30] . The Hertzian interaction model is implemented as
In principle, the force constant could now be connected to the material properties of the particles using the method described, e.g., in [29] . Instead, here we use the results of static tests carried out to measure directly the functional relation between the normal force and compression, see [11] . The normal force constant is then found using the measured value of the force for 1% compression. The tangential force is computed using a standard Cundall-Strack model [7] ; see e.g. [9] for the details of implementation. The particle-particle and particle-intruder coefficient of friction is set to experimentally estimated value of µ = 0.8 [31] ; the particles making up the walls are made very inelastic and frictional, with µ = 0.9 and e n = 0.1. The system is prepared by placing granular particles on a rectangular lattice, with random size distribution of the particles. The particles are given random initial velocities and left to settle under gravity. Then, the whole domain is vibrated gently to let the particles settle once more. The intensity of vibrations does not appear to be important; we use Γ = aω 2 /g (a is the amplitude and ω frequency of vibrations) in the range [1, 5] without any systematic change in the results. We then place a circular intruder just above the bed with an initial downward velocity v 0 .
Results from PIV (for experiments) or actual particle positions and velocities (for simulations) can be spatially coarse-grained [32] [33] [34] , as shown in Fig. 1(b) and (c), to give a continuum flow field u(x, t), where x represents spatial coordinates in the lab frame. The vertical component, u z (x, t) (with downward being positive z), and the horizontal component, u x (x, t) (with rightward being positive x) components of the flow field at intruder speed v = 3.05 m/s are shown in Fig. 1(b) for experiments. The grid size used for the PIV algorithm is approximately the same size as a single particle, so the particle-scale fluctuations in the velocity fields still persist. To compare simulation results to PIV, we use a coarse-grained momentum field normalized by the average mass density. (We normalize by the average mass density instead of a local mass density field, since the coarse-grained, spatially varying mass density field goes to zero at the free surface and near the intruder.) This yields a flow field u(r, t)/v, as shown in Fig. 1(c) from simulations for intruder radius R = 6.35 cm.
In both experiments and simulations, we find that
where v(t) is the intruder speed (with motion assumed to be strictly downward), x 0 (t) is the intruder position in the lab frame, A is the scaled steady-state velocity field, and A ′ captures the instantaneous fluctuations in the velocity field. A and A ′ are shown in Fig. 2(a) and (b), respectively, for experiments. Similar fields for simulations with grain properties matched to those from the experiments (not shown) are indistinguishable by eye, and we quantitatively show that the two approaches agree in our analysis below. In each trajectory (experiments and simulations), we calculate A by averaging over many times using flow-field data inside the red rectangular region marked in Fig. 1(b) . A appears very similar to the instantaneous flow fields shown in Fig. 1(b) and (c), but smoother spatially. A ′ is determined at each time from the difference between the instantaneous coarse-grained flow field and the normalized, space-and time-averaged flow field, A ′ = u/v(t) − A. An experimental measurement of A ′ at one instant is shown in Fig. 2 (b) , which is typical for all times in both simulation and experiment.
We find the fluctuations A ′ to be strongest beneath the intruder, statistically stationary in time, and decoupled from the intruder dynamics. Figure 3 would correspond to a local velocity fluctuation of the same size as the intruder speed); it is largest near the leading edge of the intruder and falls off rapidly with increasing distance from the intruder. Figure 2(c) shows time-series plots of A ′ , which are statistically stationary in time.
By analyzing local strain rates, we find that A represents a shear flow with zero divergence. Using numerical derivatives, we compute the strain-rate tensor for the average flow field, D = 0. to A ′ rms (r), shown in Fig. 2(c) . This is similar to many previous studies [35, 36] ), where shear causes local velocity fluctuations. Physically, A ′ represents non-affine particle rearrangements as particles are forced to move past each other, as opposed to a monotonic increase or decrease as the intruder slows. A full analysis of grainscale fluctuations, which could be achieved with data for particle trajectories (as opposed to PIV), will be a topic of future work.
Combined with force data from previous studies [12] [13] [14] , the strain rates shown in Fig. 3 can be used to estimate the inertial number I =γ m/P , which is often used to determine a constitutive relation for granular shear flows [4] [5] [6] . Here, m is mass of a single grain and P is the local pressure. The maximum shear rate in Fig. 3 isγ ≈ 20v and the mass of a grain m is roughly 0.1 g. We estimate the pressure P ∼ F/D by considering the force F on the intruder and dividing by the intruder diameter D. F is dominated by velocity-squared forces which arise from collisions with force-chain-like structures [14] , and, for circular intruders in the present experiments, we find F ≈ h 0 v 2 , where h 0 is a shape and size dependent constant with units of kg/m; for the circular-nosed intruders considered here, we find h 0 /D ≈ 5 kg/m 2 [14] . This yields I ≈ 0.09 in the region directly beneath the intruder, which is in the rapid flow regime, where nonlocal effects may be less important [6, 37] .
To quantitatively compare A for various intruder sizes and simulation settings, we fit A to a functional form by decomposing it into radial and angular components
Here, r = rr + θθ, where r = 0 corresponds to the center of the intruder, θ is measured counterclockwise from the (downward) z-axis. The components f r and f θ represent the flow field components in the intruder frame, and shifting byẑ = cos θr− sin θθ transfers these components back to the lab frame, where A is defined. f r and f θ are defined as Seguin et al. [25, 26] used a similar form to describe quasistatic granular flow around downward-moving circular obstacles, but with b r = b θ = 1, since, in their quasistatic case, the flow was symmetric ahead of and behind the intruder. Here, we consider fits only to the half-space in front of the intruder. Sample fits at particular values of r are shown in Fig. 4 . Far away, all four fit parameters should approach 1, corresponding to no grain motion. Figure 4 shows a r (r), b r (r), a θ (r), and b θ (r) for different circular-nosed intruders with radii R = 3.18, 4.65, 6.35, and 10.15 cm. The intruder with R = 4.65 cm is an ogive, with a circular nose and rectangular tail; however, the particles are never in contact with the tail, so that its presence is irrelevant, aside from increasing the area of the intruder and therefore its mass. The fit pa- rameters for each intruder appear similar when rescaled by R, with secondary dependencies on the ratio ρ int /ρ g of intruder to grain mass density and on the ratio d/R of grain size to intruder radius, where d ≈ 5 mm. a r and b r decay roughly exponentially to their far-field values as a r ∝ exp(−r/ξ ar ) and b r ∝ exp(−r/ξ br ), with 0.25R < ξ ar < 0.7R and ξ br ≈ 1.85R. This localization and exponential spatial decay is also common in dense granular flows that are driven by a boundary (e.g., Refs. [25, 26, 36] , and many others). Figure 5 shows a comparison between the fit of experimental and computational data to Eqs. (3)-(5) for a single size intruder; this is typical for all sizes. We find surprisingly good agreement for all considered interparticle force models (frictional Hertzian, frictional linear, and frictionless linear interactions). Such a good agreement shows that in the present regime where v 0 ≪ v f , the details of the force model are not crucial for the response of granular material. However, we note that frictional forces primarily affect the decay length of the radial flow field, as shown in the inset of Fig. 5(a) , and thus they play an important role in determining dynamics of the intruder; in particular, without friction, the final penetration depth is almost 50% larger (roughly 60 cm) than when friction is present (roughly 42 cm). The functional form of the normal forces between the particles (linear versus nonlinear) however does not appear to be important.
These results provide several important physical insights that should be applicable to a broad class of shearlike flows that are both rapid and highly transient, but where driving speed, which is here set by v(t) ≤ v 0 , is still very slow compared to the granular force transmission speed v f . In the granular flow fields, we observe none of the elastic-like response (i.e., loading and unloading) that is dominant when v 0 ∼ v f [9, 11] . Instead, we observe that the particle motion scales linearly with driving speed, which also occurs for well-developed shear flows in the limits of both small (quasi-static) and large (rapid driving) inertial number I, with a transition region in between [6, 38] . Our system is clearly more akin to the limit of large I, with I ∼ 10 −1 at the leading edge of the intruder, but descriptions of such flows explicitly exclude transients in the driving speed. However, we observe a dynamic steady state of the granular flow during highly transient driving, which suggests that rapid, highly transient granular flows may fall into the same class as welldeveloped rapid flows, provided v f ≫ v 0 . Conversely, it is possible that models such as µ(I) could be extended to processes such as granular impact where the flow is transient. For example, a recent study [10] presents a modified µ(I) rheology to study dynamic granular flows, and our results here suggest that this approach will likely be successful in many cases. In addition, simulations show that, although final penetration depth is strongly influenced by frictional interactions, the granular flow in this regime appears relatively insensitive to the form of the grain-grain force law (e.g., linear versus Hertzian, consistent with [39] ) or even to the presence of friction [14, 40] .
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